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An all-optical scheme for simulating non-Markovian evolution of a quantum system is proposed. It uses only
linear optics elements and by controlling the system parameters allows one to control the presence or absence
of information backflow from the environment. A sufficient and necessary condition for the non-Markovianity
of our channel based on Gaussian inputs is proved. Various criteria for detecting non-Markovianity are also
investigated by checking the dynamical evolution of the channel.
I. INTRODUCTION
In the absence of memory effects in the system environ-
ment, the dynamics of open quantum systems is typically
characterized in terms of master equations in the so-called
Lindblad form [1]. This corresponds to having a continu-
ous Markovian process which, while being an extremely use-
ful approximation, does not necessarily hold at all timescales.
In recent years a huge effort has been put forward in order
to characterize non-Markovian behaviors in the dynamics of
quantum systems [2–14]. Understanding these phenomena is
a fundamental question with potential applications in the en-
gineering of reservoirs for quantum computation and quantum
information processing [15–19]. Most of the works proposed
so far have focused on developing tools and criteria that would
permit one to certify the presence of a non-Markovian behav-
ior [6–13], relying on certain mathematical properties of this
type of dynamical evolution [14, 20–22]. Recently a couple
of works in simulating and testing non-Markovian dynamics
in optical systems have been reported [23–25].
An alternative approach to the study of non-Markovianity
has been proposed in a series of papers based on collisional
models [26–33]. Here the continuous time evolution is re-
placed by a stroboscopic process formed by a series of dis-
crete steps where the system of interest couples with different
components of a many-body quantum system that simulates
an extended environment. Despite being extremely simpli-
fied such models allow one to capture the main effects which
are responsible for the arising of the non-Markovian charac-
ter in the dynamics, namely, the correlations in the environ-
ment input state, its internal dynamics, and the interaction be-
tween the latter and the system. In particular Refs. [26, 27]
presented a general scheme where the non-Markovianity is
simulated by allowing collisional interactions also among the
various components of the extended many-body quantum en-
vironment. By properly tuning such intra-environment colli-
sions one can then pass from a purely Markovian dynamics
to a strong non-Markovian regime where the system environ-
ment reduces to a single, finite dimensional quantum system
which coherently exchange information with the system of in-
terest via conventional Rabi oscillations. As a matter of fact
such a theoretical scheme can be perceived as a quantum sim-
ulator that enables one to reproduce (in a stroboscopic fash-
ion) the (not necessarily Markovian) complex dynamics of an
open quantum system.
The aim of this work is to propose an implementation of
such a theoretical model using linear quantum optics. Specif-
ically in our scheme the system of interest as well as the en-
vironmental degree of freedom are all described in terms of
frequency-degenerate quantum optical modes while their in-
teractions are represented as a complex scattering process me-
diated by a series of properly arranged beam splitters (BSs).
The overall arrangement is very much similar to the one used
to test interaction-free measurement [34]. The main differ-
ence is that in our case thermal sources have to be injected into
the auxiliary ports of the setup. In this scenario we explicitly
solve the stroboscopic dynamics of the system and study the
arising of non-Markovianity as a function of the setup param-
eters (e.g. the transmissivities of the BSs, the temperature of
the environmental modes, the relative phase accumulated by
the signals between two consecutive collisions). Hence we
test the non-Markovian witnesses of Refs. [6–11] and com-
pare their efficiencies.
The paper is organized as follows. We start in Sec. II
by describing the details of our proposal. In Sec. III we
present a sufficient and necessary characterization of the non-
Markovianity of stroboscopic evolution. In Sec. IV instead we
analyze how different non-Markovianity witnesses perform in
our model. The conclusions are drawn finally.
II. SCHEME
Our scheme is based on the theoretical model discussed
in Refs. [26, 27] where the non-Markovian dynamical evo-
lution of a quantum system S is stroboscopically represented
via a series of (coherent or incoherent) collisions with a col-
lection of environmental ancillary quantum systems. Accord-
ingly dissipation and decoherence are induced at each colli-
sion by allowing part of the “information” contained in S to
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2leak into the environment. However, at variance with stan-
dard memoryless collisional models [29–32], in the scheme
of Refs. [26, 27] the bath is endowed with an effective mem-
ory by introducing extra inter-ancillary collisions between two
consecutive system-ancilla interactions. By controlling the in-
tensity of such inter-ancillary collisional events, the model al-
lows one to interpolate between a fully Markovian dynam-
ics (where no back-flow of information from the environment
to S is allowed) and the continuous interaction of the system
with a single ancilla, i.e., a strongly non-Markovian process.
The collision model can be implemented in an all-optical
system where the system and the ancillary environments
are represented by independent (frequency-degenerate) modes
propagating along different optical paths, while the collisional
events among them are simulated by means of BSs. We recall
that a BS transfers the input modes, say a1 and a2, in the fol-
lowing way: (
aout1
aout2
)
=
(
r t
t −r
) (
a1
a2
)
, (1)
where r and t are the reflectivity and transmissivity of the BS
satisfying r2 + t2 = 1 (see the solid-line box of Fig. 1). The
mixture of two input modes on the BS is an effective simula-
tion of the information exchange.
The setup is composed by an array of BSs described in
Fig. 1. An optical incoming signal (representing the system
mode) prepared in state ρS enters from the port S and inter-
acts with the 0th environmental mode (entering from port 0),
prepared in a given state ρ0 which will be specified later, at
the first BS1. After this interaction, a part of the information
will be reflected back to the system S , while the other part is
transmitted into the environment. However, as it is clear from
Fig. 1, the lost information from S has a chance of reentering
in the system due to the presence of the BS2 associated with
the first environmental mode (entering the system in a given
state ρ1 from port 1) and of the second BS1. In between two
neighboring BS1s, there is a phase shifter which introduces a
phase difference φ between the system and the memory. As
a consequence, we can obtain the dynamical evolution of ρS
by concatenating such processes as a building block and in-
troducing more environmental modes.
To solve the stroboscopic evolution of ρS one needs to com-
pute the scattering matrix S of the channel. For a channel with
environmental modes labeled by 0, 1, ..., L, S is an (L + 2)-
dimensional matrix. It can be represented as S(L) = ∏Lj=1 S j
where S j are the following:
S j≥1 =

r1eiφ t1eiφ 0 0 0
t1r2 −r1r2 0 t2 0
0 0 I j−1 0 0
t1t2 −r1t2 0 −r2 0
0 0 0 0 IL− j
 , (2)
with Im being an m×m identity and r1(t1) and r2(t2) being the
reflectivities (transmissivities) of BS1 and BS2, respectively.
The parameter r1 measures the intensity of the interaction be-
tween the system and the environment, while r2 is the memory
parameter of the channel as it measures the back-flow of in-
formation. In particular, for r2 = 0 no back flow is allowed
and the channel becomes perfectly Markovian.
The dynamical evolution of the system plus the environ-
ment can then be solved using the characteristic function for-
malism [35]. The multi mode (symmetrically ordered) char-
acteristic function of the input modes of the joint system is
given by
χinJ (~ν) = Tr[D(~ν)ρ
in
J ], (3)
where ρinJ is the joint state of all input modes and ~ν =
(νS , ν0, ν1, ..., νL) is a complex vector (the subscripts S and
i = 0, 1, ..., L denoting respectively the system and the ith en-
vironmental mode). Accordingly, the joint characteristic func-
tion of the output modes is given by
χout,LJ (~ν) = χ
in
J [S−1(L)~ν], (4)
from which the characteristic function χout,LS (νS ) associated
with the output of the system mode S can be obtained by sim-
ply setting ~ν = (νS , 0, ..., 0), i.e.,
χout,LS (νS ) = χ
out,L
J (νS , 0, ..., 0) . (5)
Assuming then that the environmental modes are all initial-
ized in the same thermal state, the above expression yields the
following input-output relation for the system mode S ,
χinS (νS ) 7→ χout,LS (νS )
= exp [(nT +
1
2
)(|cL|2 − 1)|νS |2]χin(c∗LνS ), (6)
where χin(νS ) is the characteristic function of input state ρinS
of S , nT is the thermal photon number of the environmental
modes, and where finally cL is a short-hand notation to indi-
cate the matrix element in the first row and first column of
S(L), i.e., cL = SS ,S (L). The latter is the fundamental pa-
rameter of the model as it encodes the functional dependence
upon the “temporal” index L. As detailed in the Appendix, a
closed expression for cL is obtained by explicitly solving the
scattering process, yielding
cL =
(
λL+ − λL−
)
r1 + λ+λL− − λL+λ−
λ+ − λ− , (7)
with
λ± =
1
2
[(
r1eiφ − r1r2
)
±
√(
r1eiφ − r1r2)2 + 4r2eiφ] . (8)
Equation (6) describes a thermal bosonic Gaussian chan-
nel ENη [36] associated with a thermal bath with mean photon
number nT and with effective transmissivity η = |cL|2, i.e.,
ρinS 7−→ ρout,LS = EL(ρinS ) := EnT|cL |2 (ρ
in
S ) . (9)
For example, if the input state of S is a coherent state ρinS =|α〉〈α|, Eq. (6) predicts that the output state will be a displaced
thermal state. In particular if the environmental modes are
3FIG. 1: (Color online). Schematic of the setup. The BSs in red rep-
resent collisions between the system of interest (mode S ) and one
of the environments (modes 0, 1, 2, ..., L). The BSs in yellow instead
describe intra-environment collisions: their reflectivities r2 define the
back-flow of information into the system (for r2 = 0 the model be-
comes strictly Markovian). An auxiliary mode A, which is entan-
gled with mode S , is introduced to detect the non-Markovianity of
the stroboscopic evolution as discussed in Sec. IV. The solid-line
box is a description of the interaction of two input modes at the BS.
The dashed-line box denotes the building block of our stroboscopic
model. The prime denotes the output mode.
initialized in the vacuum (i.e. nT = 0), the output state ρout,LS
is still a coherent state |c∗Lα〉. We also notice that when the
temperature of the environment is zero (i.e. nT = 0 again) and
the input state of the mode S spans over the vector subspace
with at most one photon, the channel (9) can be described as a
qubit amplitude damping channelA|cL |2 [37] characterized by
the following Kraus operators,
E0 =
(
1 0
0 cL
)
, E1 =
(
0
√
1 − |cL|2
0 0
)
. (10)
III. CHARACTERIZATION FOR NON-MARKOVIANITY
A. Sufficient and necessary condition of non-Markovianity
In this section, we will show a sufficient and necessary con-
dition of the non-Markovianity of our channel by adopting the
divisibility condition analyzed in Refs. [8, 9, 14]. The idea is
as follows. The map EL which describes the evolved state of
S after L collisional steps, see Eq. (9), can be formally split as
EL = ΦL−1→L ◦ EL−1, (11)
where ΦL−1→L is an intermediate process that maps the out-
put state after the (L − 1)-th step into the final state ρout,LS and
where “◦” represents the composition of super-operators. By
construction both EL and EL−1 are complete positive (CP) and
trace preserving [37], i.e., they describe a proper dynamical
evolution. On the other hand, there is no guarantee in general,
that the complete positivity condition should hold for ΦL−1→L.
As discussed in Refs. [8, 9, 14] this fact defines the divisibil-
ity property of the dynamical evolution of the system which
is an essential pre-requisite for Markovianity. In particular if
ΦL−1→L is non-CP for some value of L then we say that the
process is nondivisible and hence non-Markovian. Vice-versa
if ΦL−1→L is CP for all L then the dynamics is divisible and
hence Markovian (at least in a generalized sense).
In our case an explicit expression for ΦL−1→L can be ob-
tained by using Eq. (6) to show that, for arbitrary L, the inverse
of the channel EL is given by
χout,L(νS ) 7→ χin(νS ) = E−1L [χout(νS )] (12)
= χout,L
(
νS
c∗L
)
exp
[(
nT +
1
2
)
(1 − |cL|2) |νS |
2
|cL|2
]
.
Accordingly we can write
ΦL−1→L[χin(νS )] = EL ◦ E−1L−1[χin(νS )]
= χin
(
c∗rνS
)
exp
[(
nT +
1
2
) (
|cr |2 − 1
)
|νS |2
]
, (13)
where cr = cL/cL−1.
In order to check whether or not ΦL−1→L is completely pos-
itive and trace preserving, we adopt the criterion proposed in
Ref. [38]. By performing the transformation,
νS =
1√
2
(−y − ix),
ν∗S =
1√
2
(−y + ix),
|νS |2 = 12(x
2 + y2), (14)
we can rewrite Eq. (13) as the following,
ΦL−1→L[χin(z)] = χin (K · z) exp
(
−1
2
zT · α · z
)
, (15)
where z = [x, y]T is a column vector of R2 and
K =
[
Re(cr) Im(cr)
−Im(cr) Re(cr)
]
,
α =
(
nT +
1
2
) (
1 − |cr |2
) [ 1 0
0 1
]
, (16)
are 2 × 2 real matrices.
If the matrix defined as M = 2α − σy + KTσyK is non-
negative definite then ΦL−1→L is CP and thus the channel is
Markovian. It is easy to compute the eigenvalues of M as
follows,
λ1 = 2(nT + 1)
(
1 − |cr |2
)
,
λ2 = 2nT
(
1 − |cr |2
)
. (17)
Thus we can conclude that the process is Markovian if and
only if |cr | ≤ 1, i.e.,
|cL| ≤ |cL−1|,∀L ≥ 1, ⇐⇒ Markovianity. (18)
We note that this criterion is independent of the environmental
temperature nT and of the input state.
41 5 9 13 17 21
0
0.5
1
|c L
|
 
 
0 100 200 300 400 500
0
0.5
1
|c L
|
 
 
0 100 200 300 400 500
0
0.5
1
L
|c L
|
 
 
r2=0.01,φ=0
r2=0.99,φ=0
r2=0.99,φ=π/4
r2=0.99,φ=π/4
coarse−grained
r1=0.99,r2=0.99,φ=π
(b)
(a)
(c)
FIG. 2: (Color online). (a) Stroboscopical and (b) coarse-grained
evolutions of |cL| for r1 = 0.1 and different values of the phase shift φ.
For r2 = 0.01 (black line, weak memory), |cL| decreases monotoni-
cally. For r2 = 0.99 (red and green lines, strong memory), there is an
evident oscillation of |cL|. A nonzero phase (green lines) will modify
the amplitude of the oscillation. The coarse-grained evolution (blue
line) with grain size ∆ = 15 also reveals the non-Markovian character
of the channel. (c) Stroboscopically evolution of cL for φ = pi in the
limit of r1, r2 → 1. In this limiting case the stroboscopic evolution
exhibits a kind of evolution under continuous limit.
B. Characterization of non-Markovianity of the channel
In this section we adopt the criterion Eq. (18) to charac-
terize the divisibility of the process. In Fig. 2 we show the
stroboscopic evolution of |cL| with different reflectivities of
BS1 and BS2 and for different values of the phase shift φ. For
a small r2, which means a weak feedback from the environ-
ment, the monotonic decrease of |cL| implies the Markovianity
of the channel. For a large r2 instead the back-flow of infor-
mation from the environmental modes into the system mode
is strong: in this case oscillations of |cL| are evident, testifying
the non-Markovian character of the evolution.
It is interesting to investigate the coarse-grained evolution
of |cL|. We define the averaged value of |cL| in the following,
|cn| = 1
∆
n∆∑
k=(n−1)∆
|ck |, (19)
where n = 1, 2, ..., L/∆ and ∆ is the size of the grain. In
Fig. 2(b) we show the coarse-grained evolution. The non-
Markovianity of the channel still holds because of the oscilla-
tions of |cn|. The existence of non-Markovianity in the coarse-
grained evolution reveals the possibility of a survival of non-
Markovianity of our channel in the continuous limit. In fact,
we can obtain a kind of continuous limit evolution in the case
of φ = pi and r1, r2 → 1 without doing the coarse-grained
computation, see Fig. 2(c).
In Fig. 3 we show the boundaries between the non-
Markovian and Markovian regions for different φ ∈ [0, pi] in
r1 − r2 space [the boundary for φ ∈ (pi, 2pi] is the same as that
of the (2pi − φ) case]. We can see that for r2 = 0 the channel
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FIG. 3: (Color online). Boundaries between non-Markovian and
Markovian regions for different φ ∈ [0, pi] in r1 − r2 space. Each
curve, corresponding to a fixed φ, separates the space into two parts;
the upper part is the non-Markovian region and the lower part is the
Markovian region. The analytical expressions for the boundary φ = 0
is r2 = 2r1/(1 + r1) and for φ = pi it is r1 = 2
√
r2/(1 + r2).
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FIG. 4: (Color online). Dependence of non-Markovianity on φ. The
reflectivity of BS1 is r1 = 0.5. The red is the non-Markovian regime
and the yellow is the Markovian regime.
is always Markovian regardless of the values of r1 and φ, be-
cause there is no back-flow information allowed. Although,
in general, for a fixed φ the boundary is not a simple function
of r1 and r2, we can obtain the analytical expressions for the
boundaries for two specific cases φ = 0, and pi. For φ = 0,
the boundary is given by r2 = 2r1/(1 + r1) and for φ = pi the
boundary is given by r1 = 2
√
r2/(1 + r2). In Fig. 4 we show
the dependence of non-Markovianity on φ in φ− r2 space. We
see that the (non-)Markovian region is symmetric about φ = pi.
5IV. WITNESSING NON-MARKOVIANITY OF THE
CHANNEL
Several witnesses of non-Markovianity have been devel-
oped in the recent years. Even though they are typically
identified under the name of “measures” of non-Markovianity,
they do not gauge the strength of the non-Markovian character
of a dynamical evolution in an operational sense. Still such
witnesses are useful theoretical tools that provide sufficient
conditions that can be used to certify the presence of non-
Markovianity in the physics of the problem. In the following
we study few of them: specifically the entanglement criterion
introduced by Rivas et al. [8], the trace-distance criterion in-
troduced by Breuer et al. [6, 7], and the relative entropy cri-
terion introduced by Chrus´cin´ski and Kossakowski [10, 11].
These criteria, except for the qubit case mapping discussed in
Sec. IV A 1, are analyzed by fixing φ = 0 for simplicity.
A. Witnessing non-Markovianity with entanglement
In this section we employ the idea proposed in Ref. [8]
to check the non-Markovianity of our stroboscopic evolution.
Accordingly the system S is initially prepared in an entan-
gled state with an isolated ancilla A, and then subject to the
channel: if the entanglement is not strictly monotonically de-
creasing during the evolution then we can say that the channel
is non-Markovian, the opposite being not necessarily true, i.e.,
having entanglement which is monotonically decreasing does
not necessarily correspond to having a Markovian evolution.
Due to the Gaussian character of the mapping Eq. (9) we
find it convenient to consider a two-mode squeezed vacuum
(TMSV) |TMSV(ξ)〉S A as input entangled probing state (see
Fig. 1). We recall that the vector |TMSV(ξ)〉S A can be ex-
pressed as S (ξ)|0a0b〉 where S (ξ) is the two-mode squeezed
operator
S (ξ) = exp
(
1
2
ξ∗ab − 1
2
ξa†b†
)
, (20)
with a and b being the annihilation operators of the S and
A modes respectively, and with ξ = reiθ being the squeezing
parameter (without loss of generality we set θ = 0). Following
the derivation of the previous section we can then express the
output characteristic function of the A and S as
χout,LAS (νA, νS ) = exp
[ − |νA|2 + |cL|2|νS |2
2
cosh ξ (21)
−c
∗
LνAνS + cLν
∗
Aν
∗
S
2
sinh ξ − (2nT + 1)(1 − |cL|
2)|νS |2
2
]
.
This is a Gaussian state with covariance matrix
V =
1
2
(
B1 B3
BT3 B2
)
, (22)
where B1 = cosh ξI2, B2 = [(1−|cL|2)(2nT +1)+|cL|2 cosh ξ]I2,
and B3 = −cL sinh ξσz (σz is the Pauli matrix). We notice that
the Gaussianity of the output system state is preserved after
tracing out the ancilla mode. Its entanglement can hence be
faithfully measured by the logarithmic negativity [41]
EN = max {− ln 2µ, 0}, (23)
µ =
√
Σ − √Σ2 − 4 det [V]
2
, (24)
where Σ = det [B1/2] + det [B2/2] − 2 det [B3/2].
We note that the squeezing parameter ξ, which parameter-
izes the entanglement of the testing TMSV state, does not af-
fect the existence of the oscillation of |cL| during the strobo-
scopical evolution; it affects only the amplitude of the oscilla-
tion. A larger value of ξ means a more entangled TMSV state
and will lead to a more pronounced oscillation, if it exists.
Therefore we can use in principle any nonzero value of ξ to
witness non-Markovianity. In Fig. 5 the entanglement crite-
rion is tested for the case of thermal environments (nT ≥ 0)
with different r1, by looking at the functional dependence
of (23) with respect to the temporal parameter L. We see
that as the environment temperature increases above a thresh-
old the region where the criterion based on entanglement re-
vival can be used to certify the presence of non-Markovianity
shrinks (the thermal noise being too strong to maintain en-
tanglement in the system). The dependence of the threshold
temperature on r1 is ncT = r
2
1/(1 − r21), as shown in the inset of
Fig. 5. For r1 = 1 the threshold temperature is infinite because
the system completely decouples from the environments. For
r1 = 0 the threshold temperature is zero, which means that the
criterion is valid only in the case of a vacuum environment.
1. Witnessing non-Markovianity of the qubit channel
As discussed at the end of Sec. II, the channel EL reduces
to the qubit amplitude damping channel A|cL |2 in the case of
nT = 0 and when the input states of the model are restricted to
superpositions of Fock states involving no more than a single
photon.
The non-Markovianity of such mapping can also be stud-
ied via the entanglement criterion proposed in Ref. [8]. In
this case we can suppose that we have a maximally entan-
gled state between the qubit input system and an external
qubit ancilla (mode A), e.g., a state of the form |ψ〉S A =
(|0S 1A〉 + |1S 0A〉)/
√
2. The evolved reduced density matrix
of system and ancilla becomes hence
ρout,LAS =
1
2

1 − |cL|2 0 0 0
0 |cL|2 c∗L 0
0 cL 1 0
0 0 0 0
 , (25)
which is nothing but the Choi-Jamiolkoswki state of the trans-
formation [39]. Its entanglement can then be measured by the
concurrence [40]. After a simple calculation one obtains
EC(ρout,LAS ) = |cL| . (26)
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FIG. 5: (Color online). The non-Markovian region detected by the
criterion based on entanglement revival [8] in the nT − r2 plane. Each
curve, corresponding to r1 = 0.5, 0.7 and 0.9, separates the plane
into two parts. The squeezing parameter of the testing TMSV state
is ξ = 1, although a different value of ξ does not affect the results.
The non-Markovian region is above this curve: for this points out
in fact that the quantity Eq. (23) is not monotonically decreasing
with L. Below the curve the method instead fails to identify the
non-Markovian character of the process (the quantity Eq. (23) be-
ing monotonic in L). The flat part of each curve is exactly the same
as the boundary predicted by Eq. (18). The inset shows the depen-
dence of the threshold temperature ncT , above which the entanglement
revival criterion is less valid to detect non-Markovianity, on the re-
flectivity r1.
The monotonicity of entanglement during the evolution there-
fore coincides with the monotonicity of |cL|. Accordingly, at
variance with the Gaussian channel analysis of the previous
section, the cases under which the entanglement based crite-
rion is able to detect the presence of non-Markovianity coin-
cide with those associated with Eq. (18).
The entanglement’s stroboscopic evolution with different φ
is shown in Fig. 6. We see that, for the given parameters,
the channel , at first in a non-Markovian region, enters into a
Markovian one (φ = pi/2) and then returns to a non-Markovian
condition.
B. Witnessing non-Markovianity with Gaussian fidelity
In Ref. [6] the authors proposed to use the distance between
two distinct input states to measure the non-Markovianity of
a channel. In what follows we adopt a variant of this criterion
proposed in Ref. [7] which is well suited to study the evo-
lution of Gaussian input states. The basic idea is the follow-
ing: Consider two different states, say ρ1 and ρ2; if the chan-
nel is Markovian then the fidelity between these two states is
monotonically increasing in the time evolution; if the mono-
tonic increasing of fidelity is broken, then the channel is non-
Markovian.
We recall that for two single-mode Gaussian states, ρ1 and
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FIG. 6: (Color online). Entanglement (concurrence) stroboscopic
evolution with different φ for the qubit case. The parameters are
chosen as r1 = 0.5 and r2 = 0.4.
ρ2, the fidelity can be calculated as follows [42, 43],
F(ρ1, ρ2) =
2√
∆ + δ − √δe
− 12 dT (V1+V2)−1d, (27)
where V1 and V2 are the covariance matrix of ρ1 and ρ2, re-
spectively. ∆ = 4 det [V1 + V2], δ = (4 det [V1]−1)(4 det [V2]−
1), and d = x¯2 − x¯1 with x¯i = [〈qi〉, 〈pi〉]T . Fig. 7 shows the re-
sults of the non-Marikovian detection with squeezed vacuum
states. The squeezing parameters of the input states are ξ1 = 1
and ξ2 = 0.5 (other squeezing parameters will give the same
result). Note that for r1 = 0 the Markovian region appears
only for r2 = 0. Compared with Fig. 4 it can be seen that
by using the fidelity we can detect larger non-Markovian re-
gions, moreover, the boundary is independent of environment
temperature nT . The non-Markovian region in Fig. 7 coin-
cides with that predicted by Eq. (18). We also note that, by
choosing two coherent states as probes, the same results can
be obtained.
C. Witnessing non-Markovianity with relative entropy
As a final criterion we used the relative entropy criterion of
Refs. [10, 11]. Although the relative entropy is not a metric, it
is acceptable as a measure of distinguishability. The expres-
sion of relative entropy for a single mode Gaussian state ρ1
with respect to another state ρ2 is given by [44],
S (ρ1||ρ2) = Tr (ρ2 ln ρ2 − ρ2 ln ρ1) . (28)
Since the non-Markovianity of the channel allows the back-
flow of information, if there is a revival of the relative entropy
of two input Gaussian states during the evolution, the channel
is non-Markovian. The non-Markovian regions detected by
monotonicity of the relative entropy of two squeezed vacuum
states during the evolution are shown in Fig. 7, and are exactly
the same as those detected by the criterion based on fidelity.
As a consequence, they also coincide with those predicted by
Eq. (18).
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FIG. 7: (Color online). Non-Markovian regions detected by the fi-
delity [6, 7] and relative entropy [10, 11] of two different squeezed
vacuum states in the nT − r2 plane. The boundaries detected by these
two criteria are exactly the same. The parameters are chosen as (a)
r1 = 0, (b) r1 = 0.3, (c) r1 = 0.6, (d) r1 = 0.9, and φ = 0. The
squeezing parameters of the two input states are ξ1 = 1 and ξ2 = 0.5,
respectively. The red and yellow regions are non-Markovian and
Markovian regions, respectively. The non-Markovian region coin-
cides with that predicted by Eq. (18) (dashed line).
V. CONCLUSIONS AND OUTLOOK
In conclusion, we proposed an all-optical scheme to simu-
late non-Markovian dynamics based on the collisional model.
The interactions of system and environmental modes and the
back flow of the information are implemented via BSs. We
find that this channel is equal to a thermal bosonic channel
and, if the environments are vacuum, it is reduced to the qubit
amplitude damping channel. By properly tuning the reflec-
tivities and the phase differences, we can switch our channel
from the Markovian to the non-Markovian case.
We proved a sufficient and necessary condition for the non-
Markovianity of the channel based on Gaussian inputs. We
also investigated a few criteria that can be used to detect non-
Markovian behaviors. We find that the criteria based on trace
distance and relative entropy are stronger than the criterion
based on entanglement revival in detecting non-Markovianity.
The latter is, in fact, fragile when the environment is at high
temperature.
Finally, we would like to comment on the possible ex-
perimental realization of this quantum simulator, which is
based on concatenated beam splitters of tailored reflectivity
and phase shifters (see Fig. 1). This device could be imple-
mented in integrated quantum photonics on different techno-
logical platforms [46–48], with the benefit of high stability,
arbitrary control of the device parameters and improved scal-
ability. In the proposed stroboscopic model the simulation of
different Markovian and non-Markovian dynamics relies on
the precise control of reflectivities in beam splitters and delays
in phase-shifters. Such technological capability has already
been demonstrated in several integrated photonic experiments
[48–52], both in static and dynamic approaches.
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Appendix A: Calculation of cL
In this appendix we will show the derivation of the explicit
expression for cL. We use aS and a j ( j = 0, 1, ..., L) to denote
annihilation operators of the input system and environment
modes, while aS ′ and a j′ ( j = 0, 1, ..., L) to denote annihilation
operators of the corresponding output modes. The channel
with L steps is characterized by the scattering matrix S(L).
Now let us study of the physics of the element cL
[i.e.,SS ,S (L)]. Note that after passing through the channel, the
annihilation operators undergo the following transformation,
S(L)−→a in = −→a out, (A1)
with −→a in = [aS , a0, a1, ..., aL]T being a vector of the input
modes and −→a out = [aS ′ , a0′ , a1′ , ..., aL′ ]T being a vector of
the output modes. Therefore, the annihilation operator of the
output mode can be expressed as a combination of the input
modes as follows,
a j′ =
L∑
k=S
S j,k(L)ak, (A2)
and the inverse transformation, in terms of the creation opera-
tors, from output to input modes,
a†j =
L∑
k=S
Sk, j(L)a†k′ . (A3)
From Eq. (A3) we see that the physics of the modulus of
Sk, j(L) is the contribution of the jth input to the k′th output
with other inputs being vacuum. In particular, for the case of
j = S , cL [i.e. SS ,S (L)] is the contribution of the system input
to the system output with vacuum environments.
After understanding the physics for cL, we can use a sim-
plified model to derive the expression of cL. In the simplified
model, we consider the modes 0, 1, ...L to be vacuum. The re-
duced scattering matrix for modes aS and a0 after L steps is
given by S˜(L) = S˜Lr , where S˜r is the following 2 × 2 matrix,
S˜r =
 r1eiφ
√
1 − r21eiφ√
1 − r21r2 −r1r2
 . (A4)
According to the Jordan decomposition [45], we can express
S˜(L) as S˜(L) = UVU−1, where U = [ψ+, ψ−] and V =
diag[λL+, λ
L−] are 2 × 2 matrices with ψ± being the eigenvec-
tors of S˜r and λ± being the corresponding eigenvalues. The
8results for ψ± and λ± are the following,
ψ± =

√
1 − r21eiφ
λ± − r1eiφ , 1

T
,
λ± =
1
2
(
r1eiφ − r1r2 ±
√(
r1eiφ − r1r2)2 + 4r2eiφ) .(A5)
Thus we can obtain the explicit expression of cL as follows;
it is equal to the element in the first row and first column of
S˜(L),
cL = S˜S ,S (L) =
(
λL+ − λL−
)
r1eiφ + λ+λL− − λL+λ−
λ+ − λ− . (A6)
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